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INTRODUCTION 
Composite materials have gained a considerable importance, being widely 
applied e.g. in aerospace industries as unidirectional, layered or woven structures. 
Through their complex build-up these materials exhibit anisotropic elastic behavior, 
raising considerable difficulties for ultrasonic nondestructive testing techniques. In 
modeling the interaction of elastic waves with such media a simple tool of assisting 
analysis is available. In this respect, simulation and optimization allow for a reduction 
of experimental work and an increase in reliability of applied testing procedures. For 
materials exhibiting orthotropic elastic symmetry, fundamental plane wave 
characteristics are presented in this contribution. These relationships are further 
applied for transducer-field modeling using the Generalized Point Source Synthesis 
method [1]. Since for complex-shaped components the material's natural symmetry 
planes are in general not identical with the component's surfaces, a respective 
transformation has been applied recently to yield a compact elastic tensor 
representation for such configurations [2]. Based on this formulation, all analytical 
results are obtained in a coordinate-free form, where the material's spatial orientation 
appears as an additional parameter. Since orthotropy includes the higher symmetries 
tetragonal, transversely isotropic, cubic and isotropic, the results presented cover most 
of the materials of today's industrial interest. Numerical results cover slowness and 
group velocity diagrams as well as field pattern calculations for commercial 
transducers including time-depedent rf-impulse modeling. 
PLANE WAVE RELATIONSHIPS 
The wave equation for the displacement vector 11 reads [3] 
(1) 
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Figure L Coordinate system and rotated (material) symmetry axes. Rotation trans-
forms the reference vector ~ into ~, specified by 0', the angle between its projection 
onto the x-v-plane and the x-axis, and by K, the angle between its x-v-projection and 
itself. 
where e is the mass density, f accounts for the volume force density and w denotes the 
circular frequency, if we assume a time dependence'" e-iwt . As derived in Ref. 2, the 
elastic stiffness tensor for arbitrarily oriented orthotropic media is given by 
(C33 - 2C44 ) H + C44 ((H)1324 + (U)1342) 
+ (Cll + C33 - 2(C13 + 2Css )) ~~~~ 
+ (C22 + C33 - 2(C23 + 2C(4 )) ~H~H~H~H 
+ (C13 + 2C44 - C33 ) (h~ + ~~D 
+ (Cn + 2C44 - C33 ) U~H~H + ~H~HI) 
+ (CS5 - C44 ) (U~~)1324 + (~~DI324 + U~~)1342 + (~~1)1342) 
+ (C66 - Css ) (~~H~~H + ~H~~H~ + ~~H~H~ + ~H~~~H) . 
(2) 
Choosing the x-axis as the initial spatial reference, the Cij designate the respective 
nine elastic constants. In this representation, ~ indicates the position of the reference 
symmetry (x-) axis in 3d-space after rotation, while ~H (.1.~) is parallel to the 
x-v-plane (Fig. 1). The upper indicial notation indicates pertinent index change in 
the tetrads, I is the dyadic idemfactor. 
Applying a three dimensional Fourier-transform with respect to R in terms of 
(3) 
yields 
W(K,w)' fl(K,w) = f(K,w) (4) 
with 
W(K,w) = K· ¥' K - (!W21· (5) 
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Insertion of (2) into (5) yields in abbreviated notation 
The quantities 0:, ••• , 1/ and p depend on the elastic constants as well as on ~, ~H and 
K, the explicit expressions can be found in [4]. 
The eigenvalues of the dispersion equation (4) are determined by 
det W(K,w) = 0, (7) 
from Eq. (6) it follows that 
det W(K,w) = (_f!W2? + rK2( _f!W2)2 + sK4( _f!W2) + tK6 = 0 . (8) 
The quantities r, sand t again depend on the Gij and on the vectors ~, ~H and K [4]. 
Writing Eq. (8) as 
(9) 
the substitution 
y=x+r/3 {:} x=y-r/3 (10) 
leads to the reduced equation 
y3 + py + q = 0, (11 ) 
where p=J(4(s - r2 /3), q=K6(2r3/27 - rs/3 + t). Using Cardano's formulae [5], the 
solutions of Eq. (11) follow according to 
YOi = COl U + C5-0I V, 0: = 1,2,3, (12) 
where 
Cl,4 1 ,C2,3= (-1±jJ3)/2, (13) 
U /(2 ( ~ -q/2 + v'D) , (14) 
v -K2 (p/3u) , (15) 
D [(12 ((p/3)3 + (q/2)2) . (16) 
Elementary manipulations finally provide the wave numbers according to 
2 
[(2 = f!w 
01 r/3-(cOI U +C5_OI V )' (17) 
Furthermore the modulus of phase velocity VOl is given by Va =1 §.a 1-1 with slowness 
§.a = Ka /w. 
The pertinent polarizations of the above three wave modes are obtained from 
the unit vectors Ya, given by [6J 
YaYa = adj W / tr (adj W) , (18) 
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where 'adj' and 'tr' designate the adjoint and the trace of a matrix, respectively. Since 
for (strongly) anisotropic media the identification of waves according to specific 
dominant polarizations is meaningless, the three wave modes are designated according 
to their polarizations when propagated in certain symmetry directions. Thus, there 
are two quasi-shear waves and one quasi-pressure wave, accordingly o=qSl, qS2 and 
qP will be used in the following. 
Using the well-known definition of group velocity 
!; = 8w(K) /8K 
and obeying that w=K v yields 
and then 
The differentiations in (21) can be performed in well-known manner, the resulting 
expressions will be omitted here. 
TRANSDUCER-FIELD EVALUATION VIA GPSS 
(19) 
(20) 
(21) 
The physical background to the Generalized Point-Source-Synthesis (GPSS) 
method is Huygens' principle: each point of a wave front is the starting point of an 
elementary wave, the new wave front is obtained as the superposition of all 
elementary waves. The GPSS-evaluation principle is relatively simple. The transducer 
aperture is devided into a grid, at each grid point a point source is located which 
generates an elementary wave. At each material point all contributions coming from 
the transducer point sources are superposed. Accordingly, the displacement vector 
describing the transducer-generated o-wave field follows as [1] 
where R~ = (R - Rm), R~ is the corresponding unit vector and Rm designates the 
position ofthe m-th tangential (i=x, y) or normal (i=z) point source. K is the wave 
propagation direction that produces an energy contribution along the spatial direction 
R~. The K(~)-relationship has to be evaluated numerically. The determination of 
the point source directivities ric. has been described in Ref. [1]. Using Eq. (22), any 
transducer-radiated displacement field can be determined using an equidistant 
distribution of point sources within the transducer aperture. The starting points of 
Huygens' elementary waves have to be arranged 'densely', i.e. the sampling-theorem 
has to be fulfilled. Thus, the distance between two neighbored point sources has to be 
less than half the smallest wavelength of the generated wave mode, the number of 
required point sources accordingly follows from the transducer dimensions. 
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NUMERICAL EVALUATION 
Slowness- and group velocity diagrams according to Eqs. (17) and (21) were evaluated 
for a layered [03/90]-composite material. The elastic constants are Cll = 94.0 GPa, 
C22 = 13.0 GPa, C33 = 34.0 GPa, C44 = 3.6 GPa, C55 = 7.2 GPa, C66 = 4.2 GPa, 
Cn = 9.1 GPa, C13 = 8.2 GPa, and Cn = 7.4 GPa, the density {! used in the 
calculations is {! = 1.56 g/cm3 [7] . As an example, the slowness- and group velocity 
diagrams in the x-z-plane for the case where the material has been rotated with 
angles 0: = 30° and K = 30° are shown in Fig. 2. Figure 3 displays the skewing angle 
diagrams plotted versus the angle of insonification in the x-z-plane for the 
[03/90]-composite and for a quasi-isotropic [0/45 /90/-45]-composite [7]. While for the 
first material the amount of skewing ranges up to 60°, the latter composite - as 
expected - shows only small effects of skewing. 
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Figure 2. Slowness- and group velocity diagram for the [03/90]-composite material in 
the x-z-plane for angles 0:= K=30° (units are [ps/mm] and [mm/ps], resp.). 
Transducer-radiated (continuous wave) displacemen t fields, determined 
according to Eq. (22), are shown in Fig. 4 for different orientations of the 
[03/g0]-material. A circular longitudinal-normal transducer of 2.25 MHz center 
frequency and 6.3 mm in diameter is modeled, the point sources being approximately 
one third of the smallest possible wavelength apart - at equal distance. The amplitude 
of the respective displacement vectors is displayed within a 40 by 50 mm2 area in 
logarithmic scale. The results show the dominant wave portion, i.e. the qP-wave 
mode for the probe applying forces in z-direction. 
Time-dependent rf-pulses are modeled by including the respective time 
function in Eq. (22). To account for a realistic experimental pulse, a raised cosine 
(RC2) time function has been used according to 
fRc2(t) = [1 - cos{wt/2)] cos(wt), 0 ~ t ~ 4rr/w . 
The propagation of these pulses is illustrated in Fig. 5 by wavefront images at 
(23) 
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Figure 3. Skewing angle ~ between group- and phase velocity plotted versus angle 
of incidence 0 in [0] (x-z-plane, Q = K = 0° ) for the [03/90j-composite (left) and a 
quasi-isotropic composite (right). 
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Figure 4. Field patterns generated by a 2.25 MHz, 6.3 mm-qP-transducer, shown for 
different values of K: a) 0°, b) 10°, c) 20° and d) 30°. The logarithmic scaling ranges 
down to -20 dB (8 steps). 
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Figure 5. Wavefront images of a RC2-qP-pulse in the [03/g0l-composite for a = 0°, 
II: = 45°. The pulses are generated by a 2.25MHz-6.3mm-transducer. 
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successive time steps. At t = Ips the pulse just leaves the transducer and then (2, 3 
and 4 ps) propagates perpendicularly downward in the 0°-specimen, while in the 
45°-specimen significant skewing and spreading take place. These plots demonstrate 
the modeling capabilities of the GPSS-method, which can of course also be employed 
to provide the respective A-scans. 
CONCLUSION 
Plane wave relationships have been derived for arbitrarily oriented orthotropic 
media where - using a coordinate-free representation - the material's spatial 
orientation has been retained as an additional parameter. Based on a compact 
representation of the respective elastic stiffness tensor [2], the resulting relationships 
are well-suited for incorporation into the Generalized Point-Source-Synthesis method. 
The capabilities of the GPSS-method with respect to application-directed modeling of 
elastic wave radiation and propagation have been demonstrated by examples of cw-
and rf-impulse transducer-wavefield calculation for quasi-pressure waves. The cases, 
where the appearance of cllspidal edges in the elemenatry wave patterns (quasi-shear 
waves) leads to decay properties as O(R-l/2) and O(R-5/ 6 ) in certain directions, can 
be integrated into the evaluation in a straightforward manner. The results described 
in this contribution are complemented by Ref. [8], where the theoretical evaluation of 
ultrasonic scattering by defects in anisotropic media is addressed. 
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